In this paper we study a Cauchy problem of the diamond operator iterated k−times, denoted by ♦ k which is defined by
Introduction
It is well known that the Green's identity of the Laplace operator is given by the formula, 
where u, v ∈ C 2 (Ω), Ω ⊂ R n and
∂ ∂η
indicates a differentiation in the direction of the exterior normal to ∂Ω.
Let x = (x 1 , x 2 , . . . , x n ) and ξ = (ξ 1 , ξ 2 , . . . , ξ n ) be points in the Euclidian space R n . Denote that
where
ω n denotes the surface area of the unit sphere in R n . It is clear that
Hence K(x, ξ) is a fundamental solution of the Laplace operator. In ( [2] , p.79) F. John studied a Dirichlet problem of the Laplace operator using the Green's identity of the Laplace operator in (1). It is obtained that a solution of such a problem is,
for ξ ∈ Ω. Note that the subscript x in S x and ∂ ∂ηx indicates the variable of an integration and a differentiation respectively.
In [1] , the operator ♦ k was first introduced by A. Kananthai which is defined by
where k is defined by
and 2 k is defined by
The equation ♦ k u(x) = f (x) has been already studied and the convolution
has been obtained as a solution of such an equation.
In this paper, we study a Cauchy problem of the diamond operator iterated k−times by using Green's identity of the diamond operator in (24). We obtain
is a solution of such problem, where D k (x, ξ) is the fundamental solution of the diamond operator iterated k−times which is defined by (13), F and G are defined by (22) and (26) respectively. In this case F and G which involve in Cauchy conditions on ∂Ω.
Preliminary Notes Definition 2.1 Let C ∞

(Ω) be the space of all infinitely differentiable functions on Ω with compact support. A distribution is a linear functional
< f, φ > defined for all φ ∈ D = C ∞ 0 (Ω) which is continuous on D in the following sense: Let φ r be a sequence in D. Then lim k→∞ < f, φ k (x) >= 0, provided (1) all φ k vanish outside the same compact subset of Ω, and (2) lim k→∞ D α φ k (x) = 0 uniformly in x for each α, where D α = ∂ m ∂x α 1 1 ...∂x αn n , |α| = α 1 + α 2 + · · · + α n = m.
Note that each continuous(or even locally integrable) function f (x) generates a distribution
More generally, we write any distribution f symbolically as
Definition 2.2 The Dirac delta distribution with singularity ξ, denoted by
δ ξ , is defined by < δ ξ , φ >= φ ξ .
It is given symbolically by
We define the following functions
is a surface area of the unit sphere in R n . And
where Γ(z) is the Gamma function for z ∈ R. From (6) and (7), we have
is a surface area of a unit sphere in R n .
Definition 2.4 Let
. . , ξ n ) be points of R n and we write
the interior of the forward cone. The following function is defined by
where the constant J n (α)is defined by
) .
Lemma 2.5 Let 2
k be defined by (5) . Consider the equation
Then u(x, ξ) = R 2k (x, ξ) is a solution of (10), where R 2k (x, ξ) is defined by (9) with α = 2k, k ∈ N.
Proof. See ([5], p.191).
Lemma 2.6 Let T α (x, ξ) and R α (x, ξ) be defined by (7) and (9) respectively, then the convolution R α (x, ξ) * T α (x, ξ) exists.
Proof. We choose supp R α (x, ξ) = A ⊆ I + , where A is a compact set and I + is a closure of I + . By ( [6] , p.156) we obtain that R α (x, ξ) * T α (x, ξ) exists and it is a tempered distribution. T 2 (x, ξ) be the function as defined by (7) with α = 2. Consider the equation
Lemma 2.7 Let
is a solution of (11), where R 2 (x, ξ) is defined by (9) with α = 2.
Proof. We take a convolution both sides of (11) by R 2 (x, ξ). We have
By a property of a convolution and Lemma(2.5), we obtain
Lemma 2.8 Let ♦ k be defined by (4). Consider the equation
is a solution of (12) and
Proof. See ( [1] , p.33). 
Lemma 2.9 (Gauss divergence theorem). Let Ω be an open subset of
R n and u, v ∈ C 1 (Ω). Then Ω ∂u(x) ∂x k dx = ∂Ω u(x) ∂x k ∂η dS x = ∂Ω u(x)η k dS x ,(15)
Proof. See ([3], §10).
Lemma 2.10 (Green's identity of the Ultra-hyperbolic operator). Let Ω be an open subset of R n and u, v ∈ C 2 (Ω). Then the Green's identity of the Ultra-hyperbolic operator is
where η * = (η 1 , η 2 , . . . , η p , −η p+1 , −η p+2 , . . . , −η n ) denotes the transversal to ∂Ω, and ∂ ∂η * denotes derivative in the transversal direction (see [4] , p.41).
Proof. By using a method of integrating by part and equation (15) we obtain
and
The proof is completed.
Main Results
In this section, we describe a solution of a cauchy problem of the diamond operator iterated k−times. We use the results in previous section to show the existence of a solution.
Theorem 3.1 Let Ω be an open subset of the Euclidian space
R n , u ∈ C 4k (Ω) and D k (x, ξ) be a
function which defined by (13). Then a solution of a Cauchy problem of the diamond operator iterated k−times is
for ξ ∈ Ω, x ∈ Ω. In this case F and G which involve in Cauchy conditions on ∂Ω are defined by (22) and (26), respectively.
Proof. From (16), since u is arbitrary, we replace u by u. It follows that
From (2), (8), (13) and Lemma (2.7) we have
Replace K(x, ξ) in (3) by 2D 1 (x, ξ). We then have
From (25), since u and v are arbitrary, we replace them by ♦u and D 2 (x, ξ) respectively and use (14). Then
Thus from (21) and (27), we obtain
Again, from (25), we replace u and v by ♦ 2 u and D 3 (x, ξ) respectively. Then
Thus from (28) and (29), we have
By induction, we obtain
